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Abstract Stochastic sensitivity in metal forming process
of rigid-poroplastic material is analyzed. The theoretical
formulation for stochastic sensitivity is described which
presents probabilistic distributions taking into account ran-
dom initial and boundary conditions. The stochastic equa-
tions for metal forming process as well as for stochastic
sensitivities are presented. Stochastic finite element equa-
tions for rigid-poroplastic materials are solved for the first
two probabilistic moments. As the examples the sensitivity
problems in the process of compression of rigid-poroplastic
ring with random material parameters are discussed. The
differences in deterministic and stochastic sensitivities are
presented. The results derived can be used for the subse-
quent quantitative stochastic design as well as stochastic
optimization.
Keywords Stochastic sensitivity ·
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1 Introduction
The sensitivity in deterministic analysis is widely used to
solve the problems of optimization and design of engineer-
ing structures and this subject was undertaken in many pub-
lications. Recently stochastic optimization methods have
become an area of interest in metal forming. These methods
combine two methodologies developed to deal with prob-
lems of metal forming: analytical or numerical analysis in
A. Sluzalec (B)
Technical University of Czestochowa,
42-200 Czestochowa, ul. Da˛browskiego 69, Poland
e-mail: sluzalec@k2.pcz.pl
optimization problem with the stochastic one. In the paper
the stochastic sensitivity is discussed in the process of metal
forming of rigid-poroplastic material.
Modern metallurgical technology requires materials with
improved characteristics as wear and corrosion resistance as
well as specific strength properties. In this context powder
metallurgy has much to offer because powder metallurgical
processing produces materials of extremely fine and uni-
form microstructure and enables the formulation of mate-
rials composed from different constituents yielding unique
property combinations. We can change and optimize mate-
rial properties of powder materials by mixing the different
powders of quite different properties, and then obtain the
materials of specific properties; in particular we can modify
the strain–stress curve (see Kuhn 1978; Pokorska 2008a, b
for instance).
The rigid-poroplastic analysis is widely used in powder
forging modeling. The models of poroplastic materials are
presented for instance in works Pokorska (2007, 2008a, b,
c, d).
The stochastic analysis in optimization and design prob-
lems refers to the explicit treatment of uncertainty in any
quantity entering the corresponding deterministic analysis.
The exact values of quantities which are inputs in optimiza-
tion problems are not precisely known because they cannot
be precisely measured.
Existing uncertain variations in parameters may have sig-
nificant effects on such fundamental final characteristics,
such as density distributions, and they must affect the final
design and optimization.
The necessity of performing numerical calculations
while analyzing the stochastic behavior of manufacturing
processes has now been widely recognized. Since uncertain-
ties appear in the operators of governing equations, systems
of equations are functions of random variables. The distin-
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guishing feature of the stochastic methods, which is based
on the perturbation approach, is treating probabilistic prob-
lems with deterministic computational techniques that take
full advantage of the mathematical properties of linear and
nonlinear operators.
The subject of the design sensitivity analysis in the
specific context of nonlinear elasto-plastic and rigid-plastic
problems was undertaken in many publications (see Haug
and Arora 1979; Haug et al. 1986; Kuhn 1978; Repalle et al.
2007 for instance). Sensitivity for rigid-poroplastic mate-
rial model has been discussed in Pokorska (2007, 2008a,
c). The stochastic elements are described for instance in the
works Liu et al. (1986a, b). The stochastic metal forming
process was discussed for instance in the author’s publica-
tions (Grzywinski and Sluzalec 2002; Sluzalec 2000, 2004).
However the stochastic sensitivity in rigid-poroplasticity
and in metal forming processes is not undertaken in liter-
ature. The approach presented is based on Kleiber et al.
(1995) but it describes the different material model. The
paper recalls known equations of deterministic sensitivity
and then consider stochastic sensitivity equations based on
perturbation methods.
2 The rigid-poroplastic finite element model
The loading functions for porous material are discussed by
many authors (Kuhn 1978; Pokorska 2007, 2008b). For
isotropic models of plasticity this function can be expressed
as
F = F (h, p) (1)
where h2 = J2s (σ ) = 12 sijsji = 12 tr (s · s), 3p = tr σ =
J1σ (σ ), σ is the stress tensor, J1σ is the first invariant of
the stress tensor and J2s is the second invariant of the stress
deviator tensor s = σ − (trσ/3)1.
In the paper the loading function for porous material is
assumed in the form
f = AJ′2 +
(3 − A)
3
J21 − Y2ρ˜ = 0 (2)
where A is the material parameter and Yρ˜ is the apparent
yield stress of the porous material in uniaxial tension
The apparent yield stress of porous materials, Yρ˜ can be
written as follows
Y2ρ˜ = μ (ρ˜) Y2b (3)
where μ is a function of relative density ρ˜ and Yb is the yield
stress of base material.
The stress–strain relation for rigid-poroplastic material is
∈˙ij = λ˙
[
Aσ ij + 3 (2 − A) σmδij
] (4)




0 (i = j)
1 (i = i)
is the Kronecker delta.





where ˙¯∈ρ˜ is the apparent effective strain-rate and is defined
according to σ ijε˙ij = Yρ˜ ˙¯ερ˜
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3 (3 − A) (6)
where ∈˙v is the volumetric strain-rate.
By (2), (3) and the virtual work theorem we get the finite
element matrix equation








































A(3−A) 0 0 0
0 0 0 1A 0 0
0 0 0 0 1A 0













where u is the displacement rate vector, t are surface trac-
tions, N are shape functions for finite elements and B is the
strain-displacement rate matrix.
Stochastic sensitivity in metal forming of rigid-poroplastic materials 141
3 Sensitivity in rigid-poroplasticity
Consider matrix equation for rigid-poroplasticity in the
form of (7) where the so-called design parameter h is
introduced
K (h) u (h) = Q (h) (11)
The above equation can be solved by step-by-step method
(Bathe 1995). The (11) is linearized in time step t (see
Bathe 1995 for instance) by iterative procedure with respect





Then differentiating (11) in any small time step with









The expression (12) is used to calculate the derivatives
du
dh . The method shown above is known as the direct
differentiation method.
4 Stochastic metal forming process
Consider the finite element (7) in which the matrix K and
the vectors Q and u are functions of random variable b
K(b)u (b) = Q(b) (13)
All the random functions are expanded about the mean value
E(b) via a Taylor series and only up to second order terms
are retained. For any small parameter δ we have

















where t is the time variable, bi represents the first-order
variation of bi about E(bi) where bi are the nodal values
of b(x), that is the values of b at xi, i = 1, . . . , R . For a
linearized equation in each time step for any function g the
following notations are used E (g(x)) = g (x,E(b)), gbi =
∂g
∂bi , gbibj =
∂2g
∂bi∂bj . In a similar way as it is in (14) we can
express K(b) and Q(b)


































Substitution of (14), (15) and (16) into (13) and collecting










Zero order (δ0 terms)
E (K) E (u) = E (Q) (17)
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Second order (δ2 terms)
































































and R(b(xi), b(xj)) is the autocorrelation. The definition for
the expectation and cross-covariance of the displacement























p (b) db (24)
where p(b) is the joint probability density function. The
second-order estimate of the mean value of u is obtained
from (14) to give



















5 Stochastic sensitivity in rigid-poroplasticity
Consider sensitivity equation in the form of (12) in which










Next the random functions are expanded about the mean
value E(b) via a Taylor series only up to second order. We
get for any small parameter δ










































































































































Substitution of (27)–(32) into (26) and collecting terms of




































































Second order (δ2 terms)























































× Cov (bi, bj
) (37)
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Modern metallurgical technology requires materials with
improved characteristics as wear and corrosion resistance as
well as specific strength properties. In this context powder
metallurgy has much to offer because powder metallurgical
processing produces materials of extremely fine and uni-
form microstructure and enables the formulation of mate-
rials composed from different constituents yielding unique
property combinations. We can change and optimize mate-
rial properties of powder materials by mixing the different
powders of quite different properties, and then obtain the
materials of specific properties.
We consider the simulation of compression of rigid-
poroplastic ring with random material properties. In metal
forming analysis it is important to choose the proper propor-
tions of diameters to the height of the specimen. A standard
ring haring an outside diameter of 60 mm, inner diame-
ter 30 mm and height 20 mm is considered (i.e. outside
diameter/inner diameter/height is equal to 6:3:2). Because
of symmetry of the problem we use the initial mesh sys-
tem as shown in Fig. 1. Assume the flow curve for a
rigid-poroplastic material model with power hardening as
σ¯ = Yo
[
1 + (γε¯)]n (39)
where Yo, γ and n are material constants. In our analysis
we assume three kinds of randomizes in material properties.
First we assume that n is random parameter, and next that γ
and Yo are random.
Let the loading function F be in the form given by
the expression (2). The parameter A appearing in loading
function is assumed to be a function of relative density ρ˜
A = ρ˜2 + 2 (40)
The apparent yield stress of porous materials Yρ˜ appearing







μ = 2ρ˜2 − 1 (42)
The following deterministic characteristics of the process
were assumed: friction factor m = 1, initial relative density
0.800 and Yo = 10 MN/m2. In the process of compression
the reduction in height 20%, 30% and 40% is performed.
Fig. 2 Distribution of relative
densities for deterministic
simulation of compression of
rigid-poroplastic ring at 20%
and 40% reductions in height
for initial relative density of the
specimen 0.800 and friction
factor m = 1
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Fig. 3 Stochastic and deterministic sensitivities du/dn versus n in r-
direction of the middle-outer point of the specimen for reduction 20%
in height and errors of sensitivities in stochastic formulation (error in
sf)
In order to illustrate the modelling deterministic process the
Fig. 2 has been attached where the predicted relative den-
sity distributions in simple compression test are presented
at 20% and 40% reductions in height for chosen parameters
n = 1 and γ = 0.7.
We can change and optimize material properties of pow-
der materials by mixing the different powders of quite
different properties, and then obtain the materials of specific
properties; in particular we can modify the strain–stress
curve given by (39). In our example we analyze the material
parameters of powder metallurgy material such as Yo, n and
γ which can be change by powder metallurgy processing.
The examples presented are the most practical engineering
problem where material parameters Yo, n and γ of powder
metallurgy materials are considered as a random variables.
The changes of these parameters in realistic powder met-
allurgy processing has a random character. Other random
conditions of the process such as boundary conditions are
not so important in powder metallurgy processing and do
not differ from standard formulations used in metal forming.
Three examples concerning stochastic sensitivity are
solved. In the first one the parameter n appearing in the flow
curve (39) is considered as a random variable. The simula-
tion is carried out for three expectation of values n: E (n) =
1.0, E (n) = 1.2 and E (n) = 1.4. The random data for





















where ni = n(ri, zi), r and z are coordinates as shown in
Fig. 1, ϑ = 0.01 and correlation length λ = 10.
In the second example the parameter γ appearing in the
flow curve is considered as a random variable. The follow-
ing four expectation of values for γ are assumed: E (γ) =
0.7, E (γ) = 0.8, E (γ) = 0.9 and E (γ) = 1.0. The random





















where γi = γ(ri, zi), r and z are coordinates as shown in
Fig. 1, ϑ = 0.01 and correlation length λ = 10.
The compression test was carried out using step by step
method. As to the step-by-step method we refer to (Bathe
1995) for instance. The reduction in height at each step was
1%.
The results of calculated stochastic sensitivities on mate-
rials parameters n and γ in outer middle point of the
specimen (point A in Fig. 1) are given in Figs. 3 and 4. The
results are obtained for time steps to assurance the required
linearization of governing equations. It comes out from
the sensitivity analysis for parameters n and γ that these
parameters have low sensitivity in the problem considered.
In the third example the parameter Yo appearing in the
flow curve (39) is considered as a random variable. The
simulation is carried out for three expectation of values Yo:
Fig. 4 Stochastic and
deterministic sensitivities du/d γ
versus γ in r-direction of the
middle-outer point of the
specimen for reduction 40% in
height and errors of sensitivities
in stochastic formulation (error
in sf)
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Fig. 5 Stochastic and
deterministic sensitivities
du/dYo versus Yo in r-direction
of the middle-outer point of the
specimen for reduction 30% in
height and errors of sensitivities
in stochastic formulation (error
in sf)
E (Yo) = 10.0, E (Yo) = 11.0 and E (Yo) = 12.0. The























where Yoi = Yo(ri, zi), r and z are coordinates as shown in
Fig. 1, ϑ = 0.01 and correlation length λ = 10.
The compression test was carried out using step by step
method with reduction in height at each step 1%. The results
of stochastic sensitivities on materials parameter Yo in outer
middle point of the specimen (point A in Fig. 1 are given in
Fig. 5. Similarly the results are obtained for time steps to
assurance the required linearization of governing equations.
It comes out from the sensitivity analysis for parameter Yo
that this parameter has low sensitivity in the problem con-
sidered and the magnitudes of stochastic sensitivity for Yo
are larger than of the deterministic sensitivity.
In order to verify the stochastic results the comparison
with finite difference sensitivities in stochastic formulation
has been presented. The absolute errors in these differences
are shown in Figs. 3, 4 and 5 and are denoted as error in sf.
7 Concluding remarks
The matrix equations and general procedures for stochas-
tic sensitivity in forging of rigid-poroplastic materials have
been discussed. For this purpose the finite element method
has been adopted. In the paper only parameter sensitivity
is discussed. The method proposed is the useful tool for
the analysis of stochastic sensitivity in forming processes.
Numerical simulations were performed to illustrate of the
problem undertaken. These simulations show stochastic
sensitivity in the problem of ring compression of rigid-
poroplastic material. The derivations presented in the paper
show that stochastic sensitivity of metal forming of rigid-
poroplastic material can be effectively carried out using
stochastic finite element method. The results derived can be
used for the subsequent quantitative stochastic design and
stochastic optimization.
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